Abstract. We describe the computation of extended tables of degree 8 fields with a quartic subfield, using class field theory. In particular we find the minimum discriminants for all signatures and for all the possible Galois groups. We also discuss some phenomena and statistics discovered while making the tables, such as the occurrence of 11 non-isomorphic number fields having the same discriminant, or several pairs of non-isomorphic number fields having the same Dedekind zeta function.
Introduction
The construction of tables of number fields has a long history, and is useful in two ways. First, to test the algorithms available for such constructions, and second and probably most importantly, to give to researchers a vast amount of data that they can examine and on which they can make conjectures. Large tables are now available on the internet by anonymous ftp, either from the Kant group (ftp.math.tu-berlin.de) or from our group, the Pari group (megrez.math.ubordeaux.fr).
The tables are built in the following way. In degree 2, we simply need to find squarefree numbers up to a certain bound, and considering the bounds that we must take to be realistic, this is not a problem. In degree 3, it was previously thought that only the general methods were available, but it was observed recently by K. Belabas (see [Be] ) that one can adapt methods of Davenport and Heilbronn to the algorithmic construction of cubic fields in time comparable to that of quadratic fields. Thus, computation of tables of cubic fields is now also easy (tables have been built up to discriminant 10 11 ). In higher degrees, the only methods known to construct general tables of number fields are based on the geometry of numbers. These methods are highly inefficient, since they require looking at orders of magnitudes more polynomials than necessary, but they are the only ones available in general. Large tables exist for degrees 4, 5 and 6, small tables in degree 7, and in degree 8 only the first few minima are known in signatures (8, 0) and (0, 4), and the minima for the other signatures are not even known without assuming the GRH.
If one considers imprimitive fields, the situation improves considerably, since, thanks to a relative version of the theorem used in the absolute case due to J. Martinet, we can do all our work using relative data. For example, although it required a huge amount of work, we now have large tables of degree 9 fields containing a cubic subfield (see [Di-Ol] ). One could reasonably do this for degree 8 fields containing a quadratic or quartic subfield, but it has not been done.
Another approach to the computation of imprimitive fields is to use class field theory. Recall that class field theory gives an explicit description of all finite Abelian extensions of a number field. Thus, for example, we can use class field theory to compute all quadratic extensions of a given base field, since such extensions are Abelian, and this is what will be described in this paper when the base field has degree 4, thus giving number fields of degree 8. One could of course also apply this to base fields of degree 2 or 3 (but extensive tables have already been done in this case), or to base fields of degree larger than 4.
In the following sections, we describe the methods used for constructing the tables, and then give a number of observations, statistical or otherwise, obtained when constructing the tables (some of these observations are not visible on the tables themselves, but were made during the construction of the tables).
Construction of the tables (A).
Results from class field theory. We give the definitions and results "à la Hasse", i.e., without using ideles. This is much better suited to algorithmic practice. See [Ha] and a forthcoming book by the first author.
Let K be a fixed base number field. For any modulus m (i.e., a pair formed by an integral ideal m 0 and a set of real places m ∞ of K), let I m (K) be the group of fractional ideals of K coprime to m, let P m (K) be the group of principal ideals generated by an element α ≡ 1 (mod * m), and let Cl m (K) = I m (K)/P m (K) be the ray class group.
A congruence subgroup is any group of ideals C such that P m (K) ⊂ C ⊂ I m (K). One of the fundamental theorems of class field theory tells us that equivalence classes of pairs (m, C) (for a suitable equivalence relation) are in canonical one-toone correspondence with K-isomorphism classes of finite Abelian extensions L/K, satisfying in particular
In [Co-Di-Ol] , we described an efficient method to compute the ray class group Cl m (K), and to compute the discriminant (relative or absolute), signature and conductor of the corresponding Abelian extension as above. Briefly we proceed as follows. We first note the following (easy) exact sequence:
We fist compute the ordinary class group Cl(K) and unit group U (K) using the methods that can be found in [Co] or in [Po-Za] . We then compute (Z K /m) * using the methods explained in [Co-Di-Ol] . Finally, using the methods explained in that paper for dealing with exact sequences which are not necessarily split, we obtain a complete description of the group Cl m (K) by minimal generators and relations.
Let (m, C) be a congruence subgroup and let L/K be the Abelian extension which corresponds to (m, C) by class field theory. Assume that m is the conductor, i.e., that (m, C) is minimal in its equivalence class. We know in particular that Gal(L/K) Cl m (K)/C, and that the prime ideals of K which ramify in L are exactly those dividing m. We also know precisely the signature and discriminant of L, thanks to the following theorem proved in [Co-Di-Ol] . 
For any divisor n of m, let h n,C be the cardinality of Cl n (K)/s(C), where s is the natural surjection from
If, in addition, m is the conductor, we have the following:
Denote by m ∞ the number of real places in the modulus m, and by (r 1 , r 2 ) (resp. (
. Finding all suitable pairs (m, C). Let K be a fixed quartic field and let L be an octic field obtained by class field theory as a quadratic extension of K corresponding to the pair (m, C). Since we will restrict to the case where m is the conductor, Theorem 1 tells us
. Thus, if we want to compute octic fields such that |d(L)| ≤ B for a certain bound B, it is enough to consider all quartic fields K such that |d(K)| ≤ B 1/2 , and for each such quartic field all moduli such that
2 . Futhermore, to obtain the correct signature, we have to include in m exactly the correct number of ramified real places (more precisely, if we want R 1 real places in L, we must take K with r 1 ≥ R 1 /2 real places and exactly r 1 − R 1 /2 of those real places dividing m).
For a given quartic field K, we construct all integral ideals of norm up to a given bound by a recursive procedure similar to the sieve of Erathosthenes. We initialize the procedure by saying that there is a single ideal of norm 1, i.e., Z K . Then, we split each prime number up to the bound into a product of prime ideals in K, and multiply each of the already obtained ideals by successive powers of the prime ideals, as long as the norm of the results are less than the given bound. This gives a very efficient procedure, although the amount of storage can become large (for some of our computations, we have had to use a bound close to 10 6 , and this can give storage of several hundred megabytes).
For each of the moduli, we then compute the class group Cl m (K) using the method explained in [Co-Di-Ol] . We can also do this in a similar recursive procedure to speed up the computation. Furthermore, since we do this recursively, it is easy to eliminate from the list of moduli those for which (m, P m ) is not a conductor. Indeed, a very easy lemma tells us that if m is the conductor for some congruence group C, then it is the conductor for P m .
For each remaining modulus m, we compute all the subgroups C of Cl m (K) of index 2, using the method explained in [Co-Di-Ol] . If E is the diagonal matrix in Smith normal form giving the structure of Cl m (K), this amounts to finding all integer matrices H in Hermite normal form such that H −1 E is an integer matrix, and det(H) = 2. If the diagonal entries of E are (e i ) with e i+1 |e i , let r be the largest index such that e i is even (0 if none exist), so that r is equal to the 2-rank of Cl m (K). It is easy to show that the possible matrices H = (h i,j ) are exactly those matrices such that there exists an integer i 0 satisfying the following conditions:
There are 2 r − 1 such matrices, corresponding to the 2 r − 1 subgroups of index 2 of a group of 2-rank equal to r. We keep only the subgroups C for which m is equal to the conductor of (m, C).
By class field theory, the pairs (m, C) thus found are in one-to-one correspondence with K-isomorphism classes of quadratic extensions of K. Note that, even though two different pairs will correspond to two fields L which are not K-isomorphic, they may of course be Q-isomorphic. Furthermore, different quartic fields may give isomorphic octic fields. However, at this state we do not worry about this problem, since, unlike the methods using the geometry of numbers, the number of polynomials that we will have to remove because of isomorphisms will not be very large.
(C). Finding the polynomial equations. For a given base quartic field K, we now have a large number of pairs (m, C), and we know that m is the conductor of the equivalence class of (m, C). We must find the relative and absolute equations of the quadratic extension L/K corresponding to (m, C). We do this by using Kummer theory, which is the standard method for this kind of computation (although if K is totally real, we can also use Stark's conjecture, see [Ro] ). Here we are in a very favorable case, since the square roots of unity are already in our field K, so we do not need to adjoin them.
We need some notation. If p is a prime ideal of K, let z(p) = 2e(p/2) + 1, where e(p/2) = 0 when p is not a prime above 2.
We define seven sets of prime ideals associated to m as follows:
(1) S m,1 (resp. S m,2 , resp. S m,3 ) is the set of prime ideals p of K which divide both 2 and m, and such that
is the set of all prime ideals dividing 2 and not m (resp. dividing m and not 2). (3) S ∅ is the set of all prime ideals dividing neither m nor 2.
be the ordinary class group of K, where the d i are ordered so that d i+1 |d i , and assume that the representatives of the ideal classes a i are chosen to be integral ideals coprime to the ideal 2m (this can always be done). Let α i be elements such that a di i = α i Z K . These α i can easily be found using the solution to the principal ideal problem (see [Co] ), and by our assumption will be coprime to m. Let h be the largest index (0 if none exist) such that d i is even.
For each p ∈ S, we can write
, again by using the solution to the principal ideal problem. By Theorem 1, since m is the conductor and the relative degree is equal to 2, the relative discriminant d(L/K) is equal to m. Using Hecke's theorem on ramification in Kummer extensions of prime degree, it is not difficult to prove the following theorem (see for example [Co-Di-Ol] ).
Theorem 2. With the above notation, let
, where α is of the following form:
and is a unit. In addition, the following conditions must be satisfied:
has a solution must be equal to z(p) − v p (m). (7) For each p ∈ S 2 , the congruence
Conversely, if α is chosen as above and the conditions are satisfied, then L/K is a quadratic extension of conductor equal to m.
The solubility of the congruences needed in the above theorem can easily be established by computing the structure of the groups (Z K /p k ) * as explained in [Co-Di-Ol] .
If all the conditions are satisfied, then K( √ α) will be a quadratic extension of K which has the correct signature and relative discriminant d(L/K). However, it may not be the field that we are looking for, since we must also ask that its norm group be equal to C.
To terminate, for each α that we find we compute the norm group of K( √ α) and we check that we obtain once and only once all the subgroups of I m (K) of index 2 (otherwise there is an error), and this tells us precisely which group corresponds to which α. If we do not care about the norm group, we do not need to do this, since we know by class field theory that up to squares there will be exactly the same number of α as subgroups of index 2 and conductor m of I m (K). Thus, to check the correctness of our computations, it is sufficient to check that the number is the same, not the exact correspondence. Note also that it is quite easy to compute the norm group explicitly by using its characterization in terms of the decomposition of unramified prime ideals.
Once we know that L = K( √ α), it is a trivial matter to find the absolute equation of L/Q. This equation usually has quite large coefficients, and we then use a strong polynomial reduction algorithm (analogous to the Polred algorithm described in [Co-Di] , but searching for minima using the Fincke-Pohst algorithm, instead of simply small vectors using LLL), and we finally obtain an absolute equation with quite small coefficients.
(D). Removing isomorphisms. We now have a large list of degree 8 polynomials (in our tables, we chose the bounds so as to have between 13000 and 18000 polynomials at this stage). We must remove the polynomials defining isomorphic number fields over Q. The use of the strong polynomial reduction algorithm mentioned above is already a very big step in this direction, since it is not frequent that two different strongly reduced polynomials define isomorphic number fields, although it may of course happen.
We sort the table according to increasing absolute value of discriminant, and for two entries having the same discriminant, we do the following. If the reduced polynomials are the same, evidently the fields are isomorphic, so we remove one of the two. Otherwise, we factor the two polynomials modulo small primes not dividing the indices of one or the other (so that the factorization modulo the prime reflects the factorization into prime ideals). If the factorizations differ, the fields are not isomorphic. If they are equal, then we use an absolutely certain but slow method, i.e., we factor one polynomial in the number field defined by the other. Once this is done, we also compute the Galois group of the Galois closure of the corresponding number field, since we will be interested in this later.
It must be noticed that our method using class field theory is much less wasteful than the methods based on the geometry of numbers also with respect to isomorphisms: in our methods, we rarely found more than two distinct polynomials defining isomorphic number fields, while in methods based on the geometry of numbers, there are usually many more isomorphic fields.
In fact, using our methods, we can find distinct polynomials defining isomorphic number fields only when the octic field contains at least two non-isomorphic quartic fields, and this rarely happens.
In performing this routine and apparently uninteresting task, we stumbled onto two quite interesting phenomena.
First, fields which cannot be distinguished by prime factorizations alone are rare, but do occur. In fact, we have looked closely at these examples, and they are all arithmetically equivalent fields, i.e., number fields having the same Dedekind ζ function. We refer to the literature on the subject (see [Ga] , [Pe] ), but we note the following.
Even though equality of the ζ function implies the equality of many arithmetic quantities, it does not imply the identity of the ramification exponents, only the residual indices. We have several examples of arithmetically equivalent fields which can be distinguished by factoring a ramified prime.
In addition, it is well known that arithmetic equivalence is a purely grouptheoretical property. In the case of degree 8 fields, one can show that there are exactly two Galois groups among all the possible 50 transitive groups of degree 8 having this property (see below). These are the groups Hol(C 8 ) (denoted T 15 in [Bu-Mc] ) of order 32, equal to the semidirect product of the cyclic group C 8 by its group of automorphisms acting in the natural way, and the group GL 2 (F 3 ) (denoted T 23 in [Bu-Mc]) of order 48.
A list of these fields will be given in the next section (see Tables 8-14 ).
The second phenomenon we have observed (and which we call the "mirror effect") is that in many cases, certain simple changes on the polynomial coefficients modify the signature without modifying the Galois group. This will be described in detail below (see Section 3 (B)(3)).
Description of the tables (A). Length of the tables.
We have chosen the discriminant bounds so that the tables are roughly of the same length, and contain at least 10000 non-isomorphic octic fields. As indicated above, there are very few isomorphic number fields corresponding to distinct polynomials, hence we could easily judge at an early stage whether our bounds were sufficient. Table 1 gives the chosen bounds, as well as the number of non-isomorphic octic fields up to that bound, corresponding to the five possible signatures. (B). Galois groups. We have computed the Galois group of every octic field that we have found, using the methods described in [Ei] and [Ei-Ol] . The Galois groups which we obtain are necessarily among those corresponding to octic fields containing a quartic subfield, and this corresponds to 36 of the 50 possible Galois groups in degree 8 (see the table in signature (0, 4) or (8, 0) for the complete list). Even though we found many octic fields, there was no reason to expect that we would find all the possible combinations of signatures and Galois groups, and indeed we found only 97 of the 114 possible combinations.
For the 17 missing ones, we used several methods. We first looked for an example of a field having the desired signature and Galois group. The discriminant of this field gave us a (possibly quite large) upper bound for the minimal discriminant. We then used a systematic search up to this bound as was done for the main tables, using the specific properties of the group that we were looking for. For example, the search was greatly simplified when the group was even since we needed to use only quartic fields with square discriminant.
The methods we used to find at least one example were the following.
(1) Specializations of the parametrized solutions given in the literature, for example in [Sm] . Of course, these solutions do not necessarily have the correct signature. (2) Particular polynomials found in the literature. More precisely, we checked that the minimal discriminant for the Galois group T + 5 and signature (0, 4) is indeed as given by S.-H. Kwon in [Kw] . On the other hand, the discriminant for the Galois group T 23 and signature (0, 4) given by A. Jehanne in [Je] gives us an upper bound but is not minimal. (3) The "mirror effect" already mentioned above: an octic field L having a quartic subfield K can be defined by an even polynomial P (X 2 ) ∈ Z[X]. Let D be a rational integer such that √ D is not in the Galois closure N of L over Q, and denote by G the Galois group of the extension N/Q. The field obtained by adjoining to the rationals the roots {±θ 1 , ±θ 2 , ±θ 3 , ±θ 4 } of P (X 2 ) as well as √ D is Galois over Q, and its Galois group is isomorphic to G × C 2 . In this group, the intersection of the stabilizers of the elements √ Dθ j is trivial if there does not exist σ ∈ G such that σ(θ j ) = −θ j for j = 1, 2, 3, 4, and it is equal to H = {(1, 1), (σ, 1)} C 2 , otherwise. In this case, since σ is a central element in G, we have (G × C 2 )/H G as an abstract group.
Thus, replacing P (X 2 ) with P ((X √ D) 2 ) = P (DX 2 ) gives a polynomial whose Galois group is (as an abstract group) isomorphic to G × C 2 in the first case above, and to G in the second case.
Using this, one can prove (Y. Eichenlaub, personal communication) that the Galois group of the Galois closure of L/Q is not changed except when G is the group T + 4 (resp. T (resp. T + 24 ). The most useful case of the above transformation corresponds to D = −1. In that case, starting with an octic field of signature (r 1 , r 2 ), we obtain an octic field of signature (r 1 , r 2 ) with the following possibilities. If r 1 = 8, we obtain r 1 = 0. If r 1 = 6, we obtain r 1 = 2. If r 1 = 4, we can have r 1 = 4 or r 1 = 0. If r 1 = 2, we can have r 1 = 2 or r 1 = 6. Finally, if r 1 = 0, we can have r 1 = 0, r 1 = 4 or r 1 = 8. (4) The direct study of the group structure. For example, the group T + 14 is the group S 4 considered as a transitive group of degree 8. It is not difficult to prove that an octic field having such a Galois group is obtained by taking a quartic field of Galois group S 4 , and adjoining the square root of the discriminant of the quartic field (which of course belongs to the Galois closure). (5) Pushing this idea further, we adjoined to quartic fields square roots of divisors of the discriminant, and we obtained in this way practically all the missing groups and signatures.
For all signatures and for all possible Galois groups of the Galois closure corresponding to this signature Tables 2-6 give the following.
(1) The name of the Galois group in the notation of [Bu-Mc] . We chose not to use the more recent (but more complex) notation of [Co-Hu-Mc] . Table 3 . Signature (2, 3) Table 4 . Signature (4, 2) Table 5 . Signature (6, 1) Table 6 . Signature (8, 0) (2) The number of non-isomorphic number fields having this Galois group and signature in the limits of our main tables. In particular, when the minimal discriminant was obtained by specific methods (indicated by * ), the corresponding number is 0. (3) The minimal discriminant (in absolute value) corresponding to this Galois group. Table 7 Signature 2 . Non-isomorphic fields having the same discriminant. We have observed that non-isomorphic fields having the same discriminant occur very frequently. In the limits of our tables, the maximum number observed is a set of 11 such fields in signature (0, 4). This corresponds to discriminant 4840 00000 = 2 8 · 5 6 · 11 2 .
Below we give the eleven polynomials defining these fields, together with their Galois group:
Observe once again in this table the "mirror effect". For the polynomials P 3 , P 4 , P 8 , P 9 , P 10 and P 11 , changing X into X √ −1 changes the number field into a nonisomorphic one having the same discriminant, Galois group and signature. For the polynomials P 5 , P 6 and P 7 (having Galois group T + 18 ), it changes the number field into a number field having the same discriminant and Galois group, but in signature (4, 2). For the polynomial P 1 , we obtain a reducible polynomial, but this is clearly irrelevant to the problem. Finally, for the polynomial P 2 , it changes the number field into a number field having the same Galois group and the same signature, but a discriminant which is 256 times smaller. Different choices for D would lead to similar results.
Since we have obtained 3 fields having the same discriminant and Galois group in signature (4, 2) by using the mirror effect, we observed in our tables that in signature (4, 2) there are two more number fields having the same discriminant:
Note that in certain cases (but not in the examples that we have just given), we could obtain isomorphic number fields by this method. Table 7 gives, for each signature, the number of doublets, triplets, etc. of nonisomorphic number fields having the same discriminant.
(D). Arithmetically equivalent fields. In this section we give all the examples of non-isomorphic octic fields having the same Dedekind ζ-function found in the tables (such fields are called arithmetically equivalent).
The following theorem gives a necessary and sufficient condition for the existence of arithmetically equivalent fields (see [Ga] ). (1) The fields have a common Galois closure N . Since T 15 cannot occur in signature (6, 1), we cannot have arithmetically equivalent fields with such a Galois group in that signature. Within the limits of our tables, we found no example in signature (4, 2), but the desired (minimal) example was found during the search for the minimal discriminant with Galois group T 15 .
Similarly, T 23 cannot occur in signatures (4, 2) and (6, 1); hence we cannot have arithmetically equivalent fields with such a Galois group in these signatures. Within the limits of our tables, we found no example in signature (0, 4), but the desired (minimal) example was found during the search for the minimal discriminant with Galois group T 23 using the upper bound from [Je] .
In Tables 8-14 , we give for each signature all the examples found within the limits of our tables (plus the example of T 15 in signature (4, 2) and T 23 in signature (0, 4)). For each pair of fields having the same ζ-function, we give octic polynomials generating the corresponding fields. In some cases, ramified ideals do not have the same decomposition as a product of prime ideals in both fields. When this occurs, we denote by p, p , . . . prime ideals of residual degree equal to 1 and by q, q , . . . prime ideals of residual degree equal to 2.
Within the limits of our tables, we have found two examples of quadruplets of number fields having the same discriminant, signature and Galois group, forming two pairs of arithmetically equivalent fields (all having T 23 as Galois group). These examples occur for discriminants −150730227 and −1327373299.
Two arithmetically equivalent fields have the same product h(K)R(K) of the class number by the regulator. Since the class number is very often equal to 1, it is usually the case that the class numbers and the regulators are equal. It has however been noticed by several authors (see, for example, [Sm-Pe] ) that the class numbers (hence the regulators) of arithmetically equivalent fields may be different.
Two of the 18 pairs of arithmetically equivalent fields with T 15 as Galois group that we have found give such examples. Both are in signature (2, 3). The pairs are for discriminant −518711875 and −1097440000, for which the second field given below has class number 2 while the first has class number 1. In both of these cases, the narrow class numbers of the fields coincide and are equal to 2. 
